This paper considers the issue of modeling fractional data observed on [0,1), (0, 1] 
Introduction
Many studies in different areas involve data in the form of fractions, rates or proportions that are measured continuously in the open interval (0, 1). However, frequently the data contain zeros and/or ones. In such cases, continuous distributions are not suitable for modeling the data. In this work, we propose mixed continuous-discrete distributions to model data that are observed on [0,1), (0,1] or [0, 1] . The proposed distributions capture the probability mass at 0, at 1 or both, depending on the case. For data observed on [0, 1) or (0, 1] we use a mixture of a continuous distribution on (0, 1) and a degenerate distribution that assigns non-negative probability to 0 or 1, depending on the case. If the response variable is observed on the closed interval [0, 1] we use a mixture of a continuous distribution on (0, 1) and the Bernoulli distribution, which gives non-negative probabilities to 0 and 1. These models are special cases of the class of inflated models. The word inflated suggests that the probability mass of some points exceeds what is allowed by the proposed model (Tu, 2002) . Some related works include Aitchison (1955) , Feuerverger (1979) The paper unfolds as follows. Section 2 presents the zero-and one-inflated beta distributions and discusses some of their properties. Estimation based on maximum likelihood and conditional moments is presented. Section 3 introduces the zero-and-one-inflated beta distribution, some of its properties and estimation based on maximum likelihood and conditional moments. In Section 4, Monte Carlo simulation studies are carried out to examine the performance of the proposed estimators. Section 5 contains applications of the proposed distributions and Tobit models to real data. For all the applications the inflated beta distributions fitted the data better. Section 6 closes the paper with concluding remarks.
Zero-and one-inflated beta distributions
The beta distribution is very flexible for modeling data that are measured in a continuous scale on the open interval (0, 1) since its density has quite different shapes depending on the values of the two parameters that index the distribution; see Johnson, Kotz & Balakrishnan (1995, Chapter 25, Section 1), Kieschnick & McCullough (2003) and Ferrari and Cribari-Neto (2004) . The beta distribution with parameters µ and φ (0 < µ < 1 and φ > 0), denoted by B(µ, φ), has density function f (y; µ, φ) = Γ(φ) Γ(µφ)Γ((1 − µ)φ) y µφ−1 (1 − y) (1−µ)φ−1 , y ∈ (0, 1),
where Γ(·) is the gamma function. If y ∼ B(µ, φ), then E(y) = µ and Var(y) = V(µ)/(φ + 1), where V(µ) = µ(1 − µ) denotes the "variance function". The parameter φ plays the role of a precision parameter in the sense that, for fixed µ, the larger the value of φ, the smaller the variance of y. Different values of the parameters generate different shapes of the beta density (unimodal, 'U ', 'J', inverted 'J', uniform).
In practical applications the data may include zeros and/or ones. The beta distribution is not suitable for modeling the data in these situations. If the data set contains zeros or ones (but not both) its is natural to model the data using a mixture of two distributions: a beta distribution and a degenerate distribution in a known value c, where c = 0 or c = 1, depending on the case. The cumulative distribution function of the mixture distribution is given by
where 1l A (y) is an indicator function that equals 1 if y ∈ A and 0 if y / ∈ A. Here, F (·; µ, φ) is the cumulative distribution function of the beta distribution B(µ, φ) and 0 < α < 1 is the mixture parameter. The corresponding probability density function with respect to the measure generated by the mixture 1 is given by
where f (y; µ, φ) is the beta density (1) . Note that α is the probability mass at c and represents the probability of observing 0 (c = 0) or 1 (c = 1).
Definition 2.1. Let y be a random variable that follows the inflated beta distribution (2).
If
is called zero-inflated beta distribution (BEZI) and we write y ∼ BEZI(α, µ, φ).
is called one-inflated beta distribution (BEOI) and we write y ∼ BEOI(α, µ, φ).
If y ∼ BEZI(α, µ, φ), then α = P (y = 0) and if y ∼ BEOI(α, µ, φ), then α = P (y = 1). Hence, those distributions allow us to include a mass point at 0 or 1 in the beta distribution (1) .
The rth moment of y and its variance can be written as
where µ r = (µφ) (r) /(φ) (r) , with a (r) = a(a + 1) · · · (a + r − 1), is the rth moment of the beta distribution (1) . Note that E(y r ) is the weighted average of the rth moment of the degenerate distribution at c and the corresponding moment of the beta distribution B(µ, φ) with weights α and 1 − α, respectively. In particular, E(y) = αc + (1 − α)µ. Figure 1 presents BEZI densities for different choices of µ and φ with fixed α. Note that for all µ and φ the BEZI distribution is asymmetrical because of the probability mass at 0. Also, the BEZI density may be unimodal and may have 'J', 'U ', inverted 'J' and uniform shapes. In these graphs, the vertical bar with the circle above represents α = P (y = 0). Similarly, the BEOI distribution is asymmetrical because of the probability mass at 1 and, for identical choices of the parameters, the BEZI and BEOI distributions have the same functional shape on the interval (0, 1). However, they differ in the mass point, being at 0 for the BEZI distribution and at 1 for the BEOI distribution. 
, where t 1 (y) = 1l {c} (y), t 2 (y) = log y if y ∈ (0, 1) and 0 if y = c and t 3 (y) = log(1 − y) if y ∈ (0, 1) and 0 if y = c. Note that density (2) can be written as
where
is a real-valued function of η and h(y) = 1/{y(1 − y)} if y ∈ (0, 1) and 1 otherwise is a positive function defined over the set (0, 1) ∪ {c}. The parameterization η defines a one-to-one transformation which maps
e., the Jacobian of the transformation is nonzero for all η ∈ D, an open subset of IR 3 . Additionally, neither the t's nor the η's satisfy linear constraints and the parameter space contains a three-dimensional rectangle. Therefore, (4) is the canonical representation of the inflated beta distribution in the three-parameter exponential family of full rank. Let y 1 , . . . , y n be n independent random variables, where each y t has density (2) . A consequence of Proposition 2.1 is that n t=1 T (y t ) = (T 1 , T 2 , T 3 ), with T 1 = n t=1 1l {c} (y t ), T 2 = t:yt∈(0,1) log y t and T 3 = t:yt∈(0,1) log(1 − y t ), is a complete (minimal) sufficient statistic (Lehmann & Casella, 1998 , Corollary 1.6.16 and Theorem 1.6.22).
The likelihood function for θ = (α, µ, φ) given the sample (y 1 , . . . , y n ) is
The likelihood function L(θ) factorizes in two terms; the first term depends only on α and the second, only on (µ, φ). Hence, the parameters are separable (Pace & Salvan, 1997, p. 128) and maximum likelihood inference for (µ, φ) can be performed separately from that for α, as if the value of α were known, and vice-versa. The log-likelihood function for the inflated beta distribution (2) is given by
The score function obtained by differentiating the log-likelihood function with respect to the unknown parameters is (
The maximum likelihood (ML) estimator of α is α = T 1 /n and represents the proportion of zeros (c = 0) or ones (c = 1) in the sample.
Since α is a function of a complete sufficient statistic and is an unbiased estimator of α, it is the uniformly minimum variance unbiased estimator (UMVUE) of α (Lehmann & Casella, 1998, Theorem 2.1.11); its variance is given by Var( α) = α(1−α)/n. The maximum likelihood estimators of µ and φ are obtained from the equations U µ (µ, φ) = 0 and U φ (µ, φ) = 0, and do not have closed form. They can be obtained by numerically maximizing the log-likelihood function ℓ 2 (µ, φ) using a nonlinear optimization algorithm, such as a Newton algorithm or a quasi-Newton algorithm; for details, see Nocedal & Wright (1999) . Recently, the BEZI and BEOI distributions were incorporated into the gamlss.dist package in R (Ospina, 2006) . We can obtain estimators for (µ, φ) based on conditional moments of y given that y ∈ (0, 1), which do not depend on α. Observe that E(y | y ∈ (0, 1)) = µ and Var(y | y ∈ (0, 1)) = µ(1 − µ)/(φ + 1). For T 1 < n 2 , the solution of the system of equations (y,
gives the following closed-form estimators for µ and φ: µ = y and φ = { µ(1 − µ)/s 2 } − 1. Closed-form estimators of E(y r ) and Var(y) can be obtained by replacing α, µ and φ by α, µ and φ in (3).
The Fisher information matrix for the inflated beta distribution (2) is
Note that K(θ) does not depend on c. Also, α and (µ, φ) are globally orthogonal and hence the corresponding components of the score vector are uncorrelated. Since the inflated beta distribution (2) belongs to an exponential family of full rank (see Proposition (2.1)), it (5) and that α and ( µ, φ) are asymptotically independent.
If the interest lies in estimating a function of θ, r(θ) say, the delta method (Lehmann & Casella 1998, § 1.9) can be used to obtain the asymptotic distribution of r( θ), the ML
In particular, the maximum likelihood estimator of E(y) = αc + (1 − α)µ is αc + (1 − α) µ and the variance of its normal limiting distribution is (c − µ) 2 κ αα + (1 − α) 2 κ µµ , where κ αα = 1/κ αα and κ µµ is the (2, 2)-element of K(θ) −1 . In a similar fashion, ML estimation of Var(y) can be performed.
The zero-and-one-inflated beta distribution
The zero-and one-inflated distributions presented in Section 2 are not suitable for modeling fractional data that contain both zeros and ones. For this situation, we propose a mixture between a beta distribution and a Bernoulli distribution. Specifically, we assume that the cumulative distribution function of the random variable y is BEINF(y; α, γ, µ, φ) = αBer(y; γ)
where Ber(·; γ) represents the cumulative distribution function of a Bernoulli random variable with parameter γ and F (·; µ, φ) is the cumulative distribution function of B(µ, φ). Here, 0 < µ, γ, α < 1 and φ > 0, α being the mixture parameter. We say that y has a zero-and-one-inflated beta distribution (BEINF) with parameters α, γ, µ and φ if its density function with respect to the measure generated by the mixture 3 is given by
with 0 < α, γ, µ < 1 and φ > 0, where f (y; µ, φ) the beta density function (1) . We write y ∼ BEINF(α, γ, µ, φ). Note that, if y ∼ BEINF(α, γ, µ, φ), then P (y = 0) = α(1 − γ) and P (y = 1) = αγ.
After some algebra, the rth moment of y and its variance can be written as E(y r ) = αγ + (1 − α)µ r , r = 1, 2, . . . ,
where µ r is the rth moment of the beta distribution (1),
Note that E(y r ) is the weighted average of the rth moment of the Bernoulli distribution with parameter γ and the corresponding moment of the B(µ, φ) distribution with weights α and 1 − α, respectively.
Proposition 3.1. The zero-and-one-inflated beta distribution given in (6) is a four-parameter exponential family distribution of full rank.
Proof.
) and let T (y) = (t 1 (y), t 2 (y), t 3 (y), t 4 (y)) with t 1 (y) = 1l {0,1} (y), t 2 (y) = y1l {0,1} (y), t 3 (y) = log(y) if y ∈ (0, 1) and 0 if y ∈ {0, 1} and t 4 (y) = log(1 − y) if y ∈ (0, 1) and 0 if y ∈ {0, 1}. Note that the BEINF density function (6) can be written as
is a real-valued function of η and h(y) = 1/{y(1−y)} if y ∈ (0, 1) and 1 if y ∈ {0, 1}. The parameterization η defines a oneto-one transformation which maps
Additionally, neither the t's nor the η's satisfy linear constraints and the parameter space contains a four-dimensional rectangle. Therefore, (8) is the canonical representation of the BEINF distribution in the four-parameter exponential family of full rank.
Let (y 1 , . . . , y n ) be a random sample of a BEINF distribution. Proposition 3.1 implies that
The likelihood function L(θ) factorizes in three terms, namely L 1 , L 2 and L 3 ; L 1 depends only on α, L 2 , only on γ and L 3 , only on (µ, φ). Hence, α, γ and (µ, φ) are separable parameters and maximum likelihood inference for α, γ and (µ, φ) can be performed independently.
The log-likelihood function can be written as
By differentiating ℓ 1 (α) with respect to α, ℓ 2 (γ) with respect to γ and ℓ 3 (µ, φ) with respect to µ and φ we obtain the score vector (
It is easy to show that α = T 1 /n and γ = T 2 /T 1 (0/0 being regarded as 0) are the ML estimators of α and γ, respectively. Here, α is the proportion of zeros and ones in the sample and γ is the proportion of zeros among the observations that equal zero or one. Since α is a function of a complete sufficient statistic and is an unbiased estimator of α, it is the UMVUE of α; its variance is given by Var( α) = α(1−α)/n. The ML estimators of µ and φ are obtained as the solution of the nonlinear system of equations (U µ (µ, φ), U φ (µ, φ)) = 0. In practice, ML estimates can be obtained through numerical maximization of the log-likelihood function ℓ 3 (µ, φ) using a nonlinear optimization algorithm. Closed-form estimators for µ and φ, µ and φ say, can be obtained using conditional moments of y given that y ∈ (0, 1), which do not depend neither on α nor on γ; see Section 2. Likewise, closed-form estimators of E(y r ) and Var(y) can be obtained by replacing α, γ, µ and φ by α, γ, µ and φ in (7).
The Fisher information matrix for the parameters of the BEINF distribution can be written as
Here, α, γ and (µ, φ) are orthogonal parameters and, hence, the respective components of the score vector are uncorrelated. Since the zero-and-one inflated beta distribution (6) belongs to an exponential family of full rank (see Proposition (3.1)), it follows that
, with K(θ) given in (9), and α, γ and ( µ, φ) are asymptotically independent.
The delta method (see Section 2) is useful for obtaining the asymptotic distribution of the ML estimator of any differentiable function r(θ). For instance, if r(θ) = E(y) = αγ +(1−α)µ, the variance of the normal limiting distribution of E(y) = r( θ) is α 2 κ γγ + (1 − α) 2 κ µµ + (γ − µ) 2 κ αα . Here, κ αα = 1/κ αα , κ γγ = 1/κ γγ and κ µµ is the (3, 3)-element of K(θ) given in (9) .
There are other parameterizations of the BEINF distribution that can be useful. For example, let γ = δ 1 /α and α = δ 0 + δ 1 . In this case, the BEINF density function can be written as
with f (y; µ, φ) representing the beta density (1). Here, the interpretation of the parameters is more intuitive, since δ 0 = P (y = 0), δ 1 = P (y = 1) and µ, φ are the parameters of the beta distribution (1). However, this parameterization induces a restriction in the parameter space given by 0 < δ 0 + δ 1 < 1. Fisher's information matrix for the BEINF distribution in this parameterization can be written as
Here κ δ 0 δ 1 = 0, thus indicating that δ 0 and δ 1 are not orthogonal parameters, and their respective components in the score vector are correlated in contrast to the parameterization of the BEINF distribution given in (6) . Recently, the BEINF distribution in this parameterization was incorporated into the gamlss package in R (Stasinopoulos, Rigby & Akantziliotou, 2006).
Simulation results and discussion
We shall use Monte Carlo simulation to evaluate the finite sample performance of estimators based on maximum likelihood (ML) and conditional moments (CM) for the BEZI and BEINF distribution. For both distributions, the ML estimator of α is UMVUE. Hence, we do not show simulation results for the estimation of such parameter. We focus our attention in estimation of µ, φ, E(y) and Var(y); for the BEINF distribution, the estimation of γ is also considered. The parameters of the BEZI distribution used in the numerical exercise were α = 0.2, µ = 0.1, and φ = 2. For the BEINF distribution, α = 0.2, γ = 0.3, µ = 0.1 and φ = 2. The sample sizes considered were n = 10, 20, 50, 100, 500, 1000 and the number of Monte Carlo replications was 5, 000. The ML estimates of µ and φ were obtained by maximizing the log-likelihood function using the BFGS method with analytical derivatives; the BFGS quasi-Newton method is generally regarded as the best-performing nonlinear optimization method (Mittelhammer, Judge and Miller, 2000, p. 199 ). All simulations were performed using the Ox matrix programming language (Doornik, 2006) . Table 1 presents simulation results for the BEZI distribution. The estimated bias of the ML estimators of µ, E(y) and Var(y) are close to zero for all the sample sizes considered. Also, the root mean square errors ( √ MSE) of the ML and CM estimators of µ, E(y) and Var(y) are similar. However, in small samples, the ML and CM estimators of φ can be considerably biased, the CM estimator having much more pronounced bias than the ML estimator. Additionally, the mean and the root mean square error of φ is much larger than the corresponding figures obtained for φ. For instance, for n = 10, the biases and the root mean square error are, respectively, 3.4 and 10.5 for the ML estimator and 6.5 and 21.2 for the CM estimator. It is noteworthy that, for all the sample sizes, the ML and CM estimators of φ have positive bias; however the variance of the response variable is only slightly underestimated. Table 2 summarizes simulation results for the BEINF distribution. The ML estimator of γ performs well if the sample size is not too small. The CM and ML estimators of µ are only slightly biased. On the other hand, for very small samples (eg. n = 10) the biases of the CM and ML estimators of E(y) and Var(y) are not negligible. We observed however, that the ML estimator performs better than the CM estimator, both in terms of bias and mean square error. Again, the CM and ML estimators of φ are quite biased in small samples, the ML estimator performing better than the CM estimator. For instance, for n = 20 an φ = 2, the bias and the root mean square error are approximately 1.0 and 2.4 for the ML estimator and 1.7 and 3.9 for the CM estimator.
In short, for the BEZI and the BEINF distributions the ML estimator of φ is more efficient than the CM estimator, both estimators being quite biased for very small samples (eg. n = 10). On the other hand, the ML and CM estimators of the other parameters, and of E(y) and Var(y), have similar performances, both being almost unbiased if the sample is not very small.
Applications
This section contains three applications of inflated beta distributions to real data. For the sake of comparison, we also fitted a Tobit model for each data set. Computation for fitting inflated beta and Tobit models was carried out using the packages gamlss and VGAM in the R The first application uses a data set of Brazilian indicators of qualified priority services in 2000. The data were extracted from the Atlas of Brazil Human Development database available at http://www.pnud.org.br/. We modeled the percentage of qualified nurses in 645 Brazilian municipal districts. The data set has zeros; some municipal districts with high levels of poverty do not have qualified nurses. The frequency histogram of the data is presented in Figure 2 . It has an inverted 'J' shape, a characteristic easily modeled by the BEZI distribution. The vertical bar at zero represents the total number of zeros in the sample. We also considered a left censored Tobit model, by assuming that y t = y * data were obtained from the DATASUS database available at www.datasus.gov.br. The data set contains 3364 zeros and 172 ones; the frequency histogram of the data is presented in Figure 3 . For this data set we used a BEINF distribution under the parameterization (δ 0 , δ 1 , µ, φ). Also, we fitted a doubly censored Tobit model, i.e we assumed that y t = y * t , if 0 < y * t < 1, y t = 0, if y * t ≤ 0 and y t = 1, if y * t ≥ 1, where y * t ∼ N (µ, σ 2 ) are independent random variables. We obtained the following ML estimates: Figure 4 shows the empirical distribution and the estimated cumulative distribution curves. Clearly, the Tobit model does not fit the data well. On the other hand, the empirical distribution and the BEINF estimated cumulative distribution curves are quite close and we may conclude that the BEINF distribution is suitable to model the data. 
Concluding remarks
The beta distribution is useful to model data that are measured continuously on the open interval (0, 1). However, data sets that contain zeros and/or ones cannot be modeled using a beta distribution. A possible solution is to transform the response variable so that it assumes values on the open unit interval. However, the use of transformations modifies the real nature of the data and does not allow the direct interpretation of the parameters in terms of the original response.
In this paper, we propose mixed continuous-discrete distributions to model data that are observed on [0, 1), (0, 1] or [0, 1]. The proposed distributions are "inflated beta distributions" in the sense that the probability mass at 0 and/or 1 exceeds what is expected by the beta distribution. Properties of the inflated beta distributions are given. Also, estimation based on maximum likelihood and conditional moments is discussed and compared using Monte Carlo simulation. Overall, we recommend maximum likelihood estimation as the best choice.
An alternative to the inflated beta distributions is to assume that a latent variable on (0, 1) gives rise to an observed response in [0, 1] . This approach has been suggested by Lesaffre, Rizopoulos and Tsonaka (2007) . They assume that the tth observation is y t = r t /N t , where r t ∼ Bin(U t , N t ) and the U t 's follow a logit-normal distribution. However, if the N t 's are not known, as is the case of the examples presented in Section 5, this model cannot be used. They also consider the situation where the response is assumed to be a coarsened version of a latent variable with a logit-normal distribution on (0, 1). In other words, it is assumed that the logit transformed latent variable has a normal distribution. The model we propose requires neither transformations nor the inclusion of a latent variable. Tobit models, on the other hand, do not require transformations but use a latent normal distributed variable. The assumed normality of the latent variable does not allow the Tobit models to be as flexible as the inflated beta distributions to model fractional data. Additionally, the interpretation of the parameters of Tobit models is rather difficult. For instance, the mean of double censored Tobit responses involves the cumulative distribution function and the probability density function of a standard normal distribution; see Hoff (2007, Section 4) .
Three empirical applications using real data show that the inflated beta distributions are quite flexible for modeling fractional data on the closed or half-open unit interval. Also, for our data sets the Tobit models did not work well 4 .
We suggest that practitioners interested in modeling the behaviour of variables that assume values in the unit interval consider using a suitable inflated beta distribution whenever zeros and/or ones appear in the data set.
